
1186 J. GUIDANCE, VOL. 19, NO. 5: ENGINEERING NOTES

O(rad)

0.03

0.02

0.01

0.1

y(10-2rad)
-o.i

-0.2

0.5 1 1.5 2 2.5

Fig. 1 Responses for pitch pointing:
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nominal case; - - - -, nonlinear case; and —— , perturbed (uncertain) case.

To check the performance of the controller via nonlinear simu-
lation, we substitute Q = q + qo, Q = q + q^, Z = 8Z + Z0,
M = SAf + MO, 0 = # + #o, r = y + 70, W = w + W0, and
W = w + WQ in Eq. (1). Then Eq. (1) can be approximated for a
steady flight (constant altitude and velocity) by the following non-
linear (for # and y) model:

Zw tan(# - y + #o - xo) - 77-
l/o

g[cos(tf0) - (
t/o

MW[-W0

t/o

- Xo)] + Mqq

(12)

M8f8f = q
$=q (13)

where the approximations 8Z/m =
ZwW and 8M/Iy = Mww -\- Mqq + M$e8e + M8f8f + M^w and
the assumption that the actuators are described by linear models
have been used. For deriving simulation results, the trim points
(initial conditions) of the model for steady flight are considered to
be #0 = Xo = 0 and Wo = 0.

To the nonlinear system [Eqs. (12) and (13)] apply the feedback
law in Eqs. (5) and (6). The resulting closed-loop system is close to
being decoupled with satisfactory performance. For pitch pointing
the closed-loop performance appears to be (visually) the same with
that of the linear case (Fig. 1). A slight difference of about 10~5 rad
is observed for the flight-path angle.

VII. Conclusions
The pitch and flight-path angle of a multimode aircraft have

been independently controlled, via static state feedback, using the
input-output decoupling with simultaneous arbitrary pole assign-
ment technique. The satisfactory closed-loop performance has been
illustrated by simulation for an AFTI F-16 aircraft. However, the
present technique basically differs from that of eigenstructure as-
signment on the starting point, which for the present case is exact
decoupling and not specification of the desired eigenvalues. Based
on this difference the following results have been derived: the set
of stability derivatives for which exact decoupling is satisfied (The-
orem 1), the set of all decoupling controllers (in terms of stabil-
ity derivatives and free parameters), and the decoupled closed-loop
transfer function with arbitrary poles and gains. After appropriate
evaluation of these free elements, the desirable damping and settling
time are precisely obtained.

References
1 Sobel, K. M., and Shapiro, E. Y, "Eigenstructure Assignment for Design

of Multimode Flight Control Systems," IEEE Control Systems Magazine,
Vol. 5, No. 2, 1985, pp. 9-15.

2Sobel, K. M., and Shapiro, E. Y., "A Design Methodology for Pitch Point-
ing Flight Control Systems," Journal of Guidance, Control, and Dynamics,
Vol. 8, No. 2, 1985, pp. 181-187.

3Yu, W., and Sobel, K. M., "Robust Eigenstructure Assignment with
Structure Space Uncertainties," Journal of Guidance, Control, and Dynam-
ics, Vol. 14, No. 3, 1991, pp. 621-628.

4Falb, P. L., and Wolovich, W. A., "Decoupling in the Design and Syn-
thesis of Multivariable Control Systems," IEEE Transactions on Automatic
Control, Vol. 12, No. 6, 1967, pp. 651-659.

5Lin, C. E., and Young, J. S., "An Improved Pseudo State Method for Air-
craft Controller Design," Proceedings of the 1989 American Control Confer-
ence (Pittsburgh, PA), American Automatic Control Council, Green Valley,
AZ, Vol. 3, 1989, pp. 128-133.

6Kanai, K., Uchicado, S., Nikiforuk, P. N., and Hori, N., "Application of a
New Multivariable Model-Following Method to Decoupled Flight Control,"
Journal of Guidance, Control, and Dynamics, Vol. 8, No. 5, 1985, pp. 637-
643.

7Catapang, D. R., Tischler, M. B., and Biezad, D. J., "Robust Crossfeed
Design for Hovering Rotorcraft," International Journal of Robust and Non-
linear Control, Vol. 4, 1994, pp. 161-180.

8Nelson, R. C., Flight Stability and Automatic Control, Aerospace Series,
McGraw-Hill, New York, 1990.

Global Stabilization of Flexible
Multibody Spacecraft Using
Quaternion-Based Nonlinear

Control Law

A. G. Kelkar*
Kansas State University, Manhattan, Kansas 66506

and
S. M. Joshit

NASA Langley Research Center,
Hampton, Virginia 23681-0001

Introduction

F LEXIBLE multibody space systems are characterized by highly
nonlinear dynamics, significant elastic motion with low inher-

ent damping, and uncertainties in the mathematical model. Global
asymptotic stability of multibody flexible space systems controlled
by a nonlinear dissipative controller was recently established.[ How-
ever, the controller was restricted to have a scalar gain for quater-
nion feedback. Subsequently, robust nonlinear attitude control of
a rigid spacecraft with nonlinear rotational dynamics was investi-
gated using a quaternion feedback control law with a more general
structure.2 The objective of this Note is to generalize the results of
Ref. 1 to include a broader class of nonlinear controllers. It can also
be considered as the generalization of Ref. 2 from single-body rigid
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systems to multibody flexible systems. Furthermore, this control
law is shown to provide significantly superior performance com-
pared with that presented in Ref. 1.

Mathematical Model
We consider a nonlinear rotational dynamic model of a multibody

flexible spacecraft1 that is assumed to have a branched geometry,
i.e., a central flexible body to which various flexible appendage bod-
ies are attached. Each branch by itself could be a serial multibody
structure. For simplicity, we consider a configuration in which the
central body has three rigid rotational degrees of freedom and each
link is connected by one rotational degree of freedom to the neigh-
boring link. The equations of motion for such systems can be shown
to have the following form3:

M(p)p + C(p, p)p = BTu (1)

where p = (COT, 9T, qT)T', co is the 3 x 1 inertial angular veloc-
ity vector (in body-fixed coordinates) for the central body; 9 —
[91, 62, . . . , 9(k _ 3)]7, where #/ denotes the joint angle for the z'th joint
expressed in body-fixed coordinates; q is an (n — k)-dimensional
vector of flexible degrees of freedom (modal amplitudes); M(p) —
MT (p) > 0 is the configuration-dependent mass-inertia matrix; K
is the symmetric, positive semidefinite stiffness matrix; C(p, p)
corresponds to Coriolis and centrifugal forces; D is the symmetric,
positive semidefinite damping matrix; {p} = (gT,0T,qT}T and
£ = co\ and B = [Ikxk 0*x («-*>] is the control influence matrix
and u is the k vector of applied torques. The first three components
of u represent the attitude control torques (about the x, y, z axes)
applied to the central body, and the remaining components are the
torques applied at the (k — 3) joints. K and D are given by

(2)
K = dia

D = diag[OjfeX J t , Z) ( n_jt)X(„-*)]

where K and D are symmetric matrices corresponding to the stiff-
ness and damping terms of the flexible degrees of freedom. K is
inherently positive definite, and D is assumed to be positive defi-
nite. This assumption is realistic because all physical systems have
some inherent damping. The angular measurements for the cen-
tral body are the three Euler angles (not the vector $•), whereas the
remaining angular measurements consist of the relative angles be-
tween adjoining bodies. One important inherent property of such
systems is that the matrix (^M — C) is skew symmetric (see Refs.
1 and 3).

The attitude (Euler angle) vector 77 of the central body is given
by £(77)77 = to, where £"(77) is a 3 x 3 transformation matrix.4 The
sensor outputs consist of three central body Euler angles, the (k — 3)
joint angles and the angular rates; i.e., the sensors are collocated with
the torque actuators. The sensor outputs are then given by

yp = Bp and yr = Bp (3)

where p = (r]T , 6T ' , qT)T , wherein 77 is the Euler angle vector for

The quaternion representation will be used for the central body
attitude. Defining p — (014 — 1) and denoting p = z, Eqs. (1) and
(6) can be rewritten as follows:

Mz + Cz + Dz + K[QixkqT]T — BTu (7)

(6T,qTf = [0 ( B__ 3)x3, /(n-3)x(»-3)]z (8)

As discussed in Ref. 1, the system represented by Eqs. (7-9) can be
expressed in the state-space form as follows:

x = f ( x , u) (10)

where x = (ar, ft, 9T, qT', Z T ) T . The dimension of x is (2n + 1),
which is one more than the dimension of the system in (1) with one
constraint [(Eq. (5)]. A nonlinear control law, which is a generaliza-
tion of the results of Ref. 1 and which extends the results of Ref. 2
to the multibody flexible system case, is given next.

Nonlinear Dissipative Control Law
Consider the control law u, given by

u = -Gpp - Gryr (lla)

where

Gp = •Y(l-a4)l3l,Gp2} (Hb)

Matrices Gp and Gr are symmetric positive definite (k x k) matrices
and p = (aT, 0T)T. y is a positive scalar; a represents a cross-
product operator matrix (ax), and Gp{,Gp2 are (3 x 3) and (k — 3) x
(k — 3) symmetric positive definite matrices, respectively. Note that
the feedback p can be computed using the sensor measurements
yp using quaternion equations.4 The following Lemma gives the
closed-loop equilibrium solutions. This Lemma is an extension of
Lemma 1 in Ref. 2 to multibody flexible spacecraft.

Lemma 1: Suppose Gp\ and GP2 are symmetric and positive defi-
nite and 0 < A.M(Gpi) < 2y, where A,M(-) denotes the largest eigen-
value. Then the closed-loop system given by (10) and (11) has ex-
actly two equilibrium solutions: [p = q = p = 0, ft — 0] and
[p = q = p = Q,P = -2].

Proof: The closed-loop equilibrium solutions can be obtained by
equating all time derivatives in Eq. (10) to zero, i.e., p = p — 0 =$
co = 0, 9 == 0, and q = 0. Substituting in Eq. (7), we get

-BTGpp

DIG,, -
-GD

' (n-*-3)xl

}cx = 0,

q = 0
the central body. yf = (rf ,9T)T and yr = (a>T, 9T)T are mea- Premultiplying the first of the three Eqs. (13) by aT, we get
sured angular position and rate vectors, respectively. The body rate
measurements CD are assumed to be available via rate gyros.

To overcome the difficulties caused by £(77) becoming singular
for some values of 77, the quaternion formulation is used. The unit
quaternion a is defined as follows:

sin(</>/2)

otT Ma = 0, where M — i

The eigenvalues of M are given by

= (ft + l)A,/(G / ?i) -.yp = i

+ l)Gpi -

(12)

(13)

(14)

- y]

= COS(0/2)
(4)

where a = (ai, 0.1, a^)T is the unit vector along the eigenaxis of
rotation and 0 is the magnitude of rotation. The quaternion also
obeys the following equations4:

ctTa + a? = 1

a = ^ (CD x a +

(5)

(6)

It can be easily proved that for the cases when 0 < Xj(Gp\) < y,
Xi(Gpi) — y and y < ^(Gpi) < 2y, matrix M is nonsingular
for any feasible values of a. For ^j(Gp\) = 2y , M is singular only
when ft = —2, i.e., when a = 0. For the case when A.,-(Gj,i) > 2y,
there are feasible nonzero solutions of a for which M could become
singular. Hence, for kj(Gpi) < 2y the closed-loop system has only
two possible equilibrium solutions: [p = q — p = 0, ft = 0] and
[p = q = p = 0,P = -2]. O

Thus, there appear to be two closed-loop equilibrium points corre-
sponding to ft — 0 and ft — —2 (all other state variables being zero).
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However, from Eq. (4), f> = 0 =^> 0 — 0 and /? = — 2 => 0 = 2n;r,
i.e., there is only one equilibrium point in the physical space. The
global asymptotic stability of the physical equilibrium state (the
origin of the state space) is proved next.

Theorem 1: Suppose Gpi,Gp2, and Gr are symmetric and positive
definite and 0 < XM(Gp\) < 2y. Then, the closed-loop system given
by Eqs. (10) and (11) is globally asymptotically stable.

Proof: Consider the candidate Lyapunov function

V = ± (15)

Taking the time derivative of V, evaluating V along system tra-
jectories (1), using Lemma 1 and Eq. (9), and simplifying and rear-
ranging the terms, we get

V = - Gp29

(16)+ (co1 /2)[aGpi + (ft + l)Gpi - yp]a

Using control law (11) in Eq. (16) yields

V = -qTDq - yT
rGryr = -pT(D + BTGrB)p (17)

Because (D + BTGrB) is a positive definite symmetric matrix,
V < 0, i.e., V is negative semidefinite. Also, V = Q=$p = Q=$
p = 0. Substituting in the closed-loop equation and using Lemma
1 gives two equilibrium solutions: [p = q = p = 0, ft = 0] and
[p = q = p = Q, p = —2]. However, as stated previously, these
two equilibrium points correspond to the same physical equilibrium
state.2 Hence, it is shown that V is negative along all system trajec-
tories except at the two equilibrium points that represent the same
physical equilibrium state, and therefore, by LaSalle's invariance
theorem (as used in Ref. 2) it can be concluded that the system is
globally asymptotically stable. D

It can be verified that the scalar-gain control law of Ref. 1 is
a special case of the control law in Eq. (12) obtained by setting
Gpi — 3^/3 and y = 2/z.

Numerical Example
Consider the multibody flexible spacecraft (Fig. 1) that resembles

a space robot. For the purpose of comparison, the example system
used here is the same as that in Ref. 1. The system consists of
a rigid base body attached to which are two articulated flexible
links. For comparison, the same rest-to-rest maneuver as the one
used in Ref. 1 was considered with initial orientation equivalent
to a rotation of the entire spacecraft by n/4 rad about the global
X axis and 0.5 rad rotation of revolute joint 2. The control law
(11) was used to restore the spacecraft's zero-state configuration.1
The control gains were chosen based on several trials because no
systematic synthesis technique exists. A suitable choice of gains
was found to be Gpl = diag[550, 425, 350], Gp2 = diag[60, 70],
Gr = diag[450, 275, 300, 80, 90], and y = 1000. Figure 2 shows
the comparison of responses for Euler parameter 1, torque for Euler
axis 1, and displacement of revolute joint 2 for two different control
laws. (The remaining responses had no significant differences and
are not shown.) Note that, although the position gains used here for
the central body attitude (Gp\) are almost half of those used in Ref. 1,
the response has improved, resulting in less overshoot for the same
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Fig. 1 Multibody flexible spacecraft.
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Fig. 2 Comparison of responses for two control laws.

settling time. This improvement can be attributed to the additional
terms and the additional design freedom available in the choice of
Gpi and y with the new control law. As a consequence, the control
torque for Euler axis 1 has been significantly reduced, as shown in
Fig. 2b. A similar improvement was observed in the displacement
response of revolute joint 2 (Fig. 2c). The overall saving achieved
in the control energy

uTudt

was 40% compared with Ref. 1, along with significant improvement
in the responses. The response for the y displacement of the link 2
tip did not show any significant differences between the two control
laws.

Concluding Remarks
A nonlinear quaternion-based feedback control law was shown

to provide global asymptotic stability in large-angle maneuvers of
multibody flexible spacecraft. This control law generalizes the pre-
vious results on a quaternion-based scalar-gain control law for multi-
body spacecraft as well as a quaternion-based nonlinear control law
for single-body rigid spacecraft. The simulation results presented
demonstrate that this control law can provide superior performance
with reduced control energy requirement, as compared with the
scalar-gain control law. The control law is also robust to modeling
errors and parametric uncertainties because it does not depend on
the knowledge of the system parameters.
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